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THE OVERFITTING PRINCIPLES SUPPORTING AIC

DAVID F. FINDLEY
Bureau of the Census
Washington, DC 202334200

ABSTRACT

In the context of statistical model estimation and selection, what is "overfit"?
. What is "overparameterization"? When is a "principle of parsimony" appropriate?
Suggestive answers are usually given to such questions, rather than precise definitions
and Tnathematical statistical results. In this article, we investigate some relations
that yield asymptotic equality between a variate which is the natural measure of
overfit due to parameter estimation and one which is a natural measure of the
accuracy loss that occurs when the estimated model is applied to an independent
replicate of the data used for estimation. Relations connecting overfit with accuracy
loss are what we call overfitting principles. The principles we consider yield a
theoretical framework in which questions like those posed above can be answered with
some precision and with allowance for the possibility that the model family does not
contain the true model. One of the relations is shown to be conditionally equivalent
to the bias—correction property used by Akaike to motivate the definition of AIC.
Our results establishing this principle also provide the first complete verifications of
AIC’s bias—correction property for general exponential families for i.i.d. data and for

invertible Gaussian ARMA time series models.

KEY WORDS: Principle of Parsimony; Minimax Likelihood Principle; Exponential
families; ARMA models.



1. INTRODUCTION

Broadly useful methods like Akaike’s minimum AIC criterion for model
comparison (MAIC) usually rest on one or more deeper theoretical principles of
considerable interest. In the case of MAIC, two kinds of principles have been
identified. First, Akaike (1973, 1977, 1985) stressed the role of AIC’s bias—correction
property in the search for the estimated model with the maximal expected
loglikelihood (Kullback-Leibler—entropy maximization principle). Linhart and others,
see Linhart and Zucchini (1986), have considered extensions of this approach to a

~variety of expected discrepancy functions different from Kullback-Leibler entropy.
Second, Shibata (1980, 1981) discovered a predictive efficiency characterization of
MAIC in both stochastic and fixed regression contexts. An analog of this predictive
efficiency property has been shown to be a useful benchmark for bandwidth selection
in nonparametric regression, see Hardle and Marron (1985).

In this note, we focus on the approximation relation which underlies the
bias—correction point of view and on a second which is closely related. Both are
interpreted as "overfitting principles", because they assert that the natural measure of
overfit defined by the criterion optimized for parameter estimation approximates the
average loss of fit which occurs whenever the model determined by the estimated
parameters is applied to an independent replicate of the data set used for estimation.
These principles make it possible to give precise formulations and analyses of the
fundamental but usually vague concepts of "overfit" and "overparameterization", as
well as of the "principle of parsimony". They show how "overfitting" is a general
and undesirable phenomenon and that "overparameterization" is a somewhat
problematic concept except in special situations involving the comparison of nested

models. The "principle of parsimony" is similarly limited.



2. The Overfitting Principles and Some Examples to Which They Apply

For the sake of explicitness, our initial discussion will be in terms of maximum
likelihood estimation. Let X5 Xy be observed variates whose log density function
L&rue (= Llflrue(xl,...,xN)) has finite expectation Elflme E £{L1E1me} < o0o. Let
Lyl0] (= Lylfl(xg,--xp)), 0 € © denote a parametric family of loglikelihood
functions which is intended to provide an approximation to Lll\;Irue’ even if this log
density does not belong to the family. The parameter set © will be a subset of
space RS of s—dimensional real column vectors. Thus dimf = s. We assume that

-the parameterization is unique: Ly[f] # Ly[8] if 0 # 0. Further, both Ly[f] and

the ezpected log likelihood function,

-

ENW] = £{LN[0]},
must be twice continuously differentiable on © and have mazimizers over this set,
denoted 9N’ respectively, 0N'

The "overfitting principles" referred to earlier are approximation relations of the

form
Such relations will be shown to be naturally interpretable as
(OP) "overfit" = "accuracy loss with independent replicates".

Different measures of approximation define the different principles discussed below.



2.1 Three Examples Classes

Before discussing the various relations, we introduce the three model classes in
which all overfitting principles will be verified, sometimes after further restricting the
parameter set. The first class is an elementary one, involving linear regression,

chosen for its illustrative value.

Ezample 1. Suppose the observation X are independent, scalar variates having a
mean function by = £xn which can vary with n, but having a constant variance v

~and a constant fourth moment for e, = X — fhy Let z, be any scalar regressor

sequence which satisfies the two conditions 2210___1 z121 = 00 and

-~

N N N
-1 2 2,-1 2
supy N 7{ 21 by —( Elzn) ( 21 pnzn) } < .
n= n= n=

The latter holds, for example, if supnlun|<oo, or if py = ﬁozn for some '30' With

o1 denoting transpose of 6, set © = {[v ﬂ]T: 0 <v<oo —00<fl<oo}and

. N 1 &N 2
LN[v,ﬂ] =-3 log2mv — 5 En:l (xn - ﬂzn) }
Then

N 1 X, N 2
Ex[v.A = - 5 log2av — 5= {Nv" + nEI (, — B2,)°}-

The maximizers 6y = [vy Oy]™ and Oy = [vy ﬂN]T are given by fy =

N N 2 ~ _ 1N - 2 _ «N N 2
En=1 zn)(n/xn:l Zpp VN < N 2“'n=1(xn - ﬂNzn) ) 'BN = En=1 znl‘n/gn=1 Zn
1 )2 Since

-1 N
and vy = v + N o, —1(ky - BnZy



N 0 4 N
El(un = Bnzg) = Ty -(Zz)" I pz,

n= n=1
the sequence vy is bounded. This need not be true of the sequence ﬁN' For
example, if Py = b # 0 and if z, = n T with0<r< 0.5, then 'HN — o0 at the

rate N* (and VN v+ uz) as N — oo .

Ezample 2. Consider loglikelihoods for independent and identically distributed variates
x, being modeled via an s—dimensional minimal ezponential family of densities (with

~

respect to some measure v). Thus,

-

N o N
Lylf] = - Nx[f] + Ellogb(xn) + 0 IlElt(xn),
and
Exlf] = N{-#[f] + £logh(x_) + 67 €4(x)},

where «[6] is an infinitely differentiable and strictly convex function of 4 in the
interior of the natural parameter set

0Tt(")b(x)du < o).

*
0 ={6¢/ x €
* * *
The interior of © , denoted Int® , is the set of § € © for which there is an
*
s—dimensional ball of positive radius centered at 6 which is entirely contained in © .
See Chapters 7-8 of Barndorff-Nielsen (1978) for information about such families.

* *
(Regular families, with ® = Int® , include multivariate normal, Poisson, logarithmic



and Hardy—Weinberg distributions, as well as multinomials and negative multinomials.
See Barndorff-Nielsen (1970) for complete details.) It follows that Ly [6] and Ey[f]
are infinitely differentiable and strictly concave on Int(~)*. So their maximizers, if
they are in Int@*, will be unique. The maximizer of EN[H] does not depend on N,
because Ey[f] = NE,[6]. (This always happens when the x are identically

distributed, and Ly[f] = g

n=1 B(xp) for some h(x)). For this example, we assume

*
that EN[0] has a maximizer § € Int©® and that Et(xl)Tt(xl) < 00, conditions

. . . .. v true :
which are certainly satisfied if LNru = Ly[6,] with 6_ € Int®.

Ezample 3. Let X15ee XN be successive observations from a covariance stationary

-~
time series with mean 0. Suppose we wish to model their autocovariance structure

with models which can be defined by spectral density functions f[f]()). Set 7,

Ex and

nxn—j
ZUE 1T fA0(A)cosipddd (= 0, %1, .. ).

Define the NxN matrices I'y = [7_}—1(]1 < k<N’ I‘N[0] = hj—kw]]l < k<N and the vector

Xy = [x; - xy]". Then the Gaussian loglikelihood family

N 1T -1
Lylf] = - 3 log2a| T[] - 5 Xy Tylf Xy

has the expected loglikelihood function

N -
Exlf] = - 3 log2n| Ty [d]| - 5 tuTy 67Ty,



~

where tr denotes trace. Our strongest assertion, (2.3) below, will hold when the time

series x_ is Gaussian, © is convex and compact, and the LN[H] are loglikelihoods of

invertible ARMA models, with Llflme = LN[000] for some € Int®, see Section 6.
In Examples 2 and 3, ezplicit formulas for the maximizers ?)N and 0N are

available only in special cases.

2.2 The Overfitting Principles

For sequences of random variables uy and vy e write uy “p YN if uy - VN
converges to zero in probability as N — oo (alternatively, uN YN Tp 0). If
£{uN.— vN} — 0, we write uy ve VN Finally, we write UN “mabs YN for mean
absolute convergence, £|uy — vyy| — 0. Since |Euy — Evyy| < Eluy — vy, this
condition implies Uy Ve Yy 88 well as Uy “p YN’ see Theorem 4.1.4 of Chung (1968,
p. 64), for example. This paper is concerned with the interpretation and verification

of the two asymptotic relations
and

Lyl0x] — Lnl0x] ~¢ EnlOy] — Exloyl, (2.2)

and with some of their consequences.
The relation (2.1) certainly suggests (2.2), but (2.2) is normally much harder to
verify, especially when no explicit formula is available for bN' Section 6 presents the

first complete results for this situation. Instead of obtaining (2.2) directly, we shall



verify the stronger result

L[] = InIOy] ~mabs Enlfn] — Enlfy] - (2:3)

2.3 Interpretation of (2.1) and (2.2)

Let il,...,ch be an independent replicate of x;,...,.xy. Denote its log density
L&rue(il,...,iN) by I_Jlflme. Set Ly[f] = Lylfl(x,.-xy). The expression on the
right in (2.1) and (2.2) is non-negative and can be rewritten as a difference of

~ Kullback-Leibler discrepancies (which are quasi-distance measures, see Csiszar (1975)),

Exloy] - Exlfy] = {(EL™C - Egligl} - (BT - Eyloglh  (24)

The first expression on the right in (2.4) is the discrepancy between (the
distributions defined by) f.ltfue and I—‘N[bN]’ The second is the smallest possible
discrepancy between I—Jltrme and any EN[O], 0 € ©, because fy maximizes Ey[f]. By
Jensen’s inequality, or the inequality of Kullback and Leibler (1951), these quantities
are positive unless EN[bN] = I—‘l’flrue, respectively, f.lflmewN] = I_,l’flme (with
probability one, a qualifying statement we omit henceforth), the latter occurring if
and only if Lll}me belongs to the parametric family. The variate (2.4) is thus the
ezcess discrepancy (above the minimum) arising from the fact that the best
approximator, f.N[HN] is not known but must be estimated. It is an unavoidable cost
of estimation.

Analogously, Ly[f] is a best approximation to L&rue, and mazimization of
Ly[0] leads to the larger-than—ideal variate LN[@N]. (This is the most natural
meaning of the statement " @N is overfitting".) Under (2.1), its excess LN[bN] -

Ly[6y] above Ly[fy] approximates the excess Kullback-Leibler discrepancy (2.4)



associated with bN' Under this approximation therefore, LN[aN] - LN[0N] can be
naturally reinterpreted as a cost of overfitting. The second asymptotic relation (2.2)
makes a similar statement in terms of averages. Thus, if we call the variate on the
left in (2.1)—~(2.3) the overfit and the variate on the right the loss of accuracy, these
relations provide instances of the statement (OP) given at the beginning of this
subsection. This is why they are called overfitting principles. As the counterexample
of Section 7 demonstrates, they are not universally valid.
In familiar situations, both sides of (2.1) have a limiting distribution which a

~ second—degree Taylor expansion argument shows to be the distribution of a linear
combination of s = dim# independent chi—square variates, each with 1 degree of

-
freedom, having nonnegative coefficients,

|| M e

Lylfy] - Lify], Exloy] - Exlty] =gt 3 ﬂfx?(l) (25)

If the true log density is contained in the parametric family, then usually ﬂ?: 1 for
i=1,...,s. In general, therefore, overfit is a random quantity which varies from
realization to realization of the observed sample. In the special situation in which
ﬁ? = 1 for all i, overfit depends, asymptotically, only on the number of parameters
estimated.

Finally, we note that it follows from (2.1) that if 6 and PN are distinct

maximizers of E[f], then Ly[fy\] “p LnlOn]-

2.4 Connections with AIC
From the discussion above, it is clear that the quantity EN[bN] would be a

natural performance measure to apply to competing model families for purposes of
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model selection if enough information about its value could be obtained from the
observed quantity LN[bN]. To have an asymptotically unbiased estimator, it is clear

from the identity

ExlOy] = Lyllygl + {ExlO4] - LylO41} (2.6)

that an estimate of 8{EN[@N] - LN[@N]} is what is needed. It follows from

E{Lyl0x]} = Exl0y] and

.EN[aN] - LN[bN] = {EN[bN] - EN[ON]}
+ {Ex[0y] — Inlonld + {Lylfy] - LN[bN]} (2.7)

that the overfitting principle (2.2) is equivalent to

Exloy] - Lyloy] ~¢ —2{Lyl0y] ~ Lyloy]} - (2.8)

The conditions we utilize in Theorem 3.2 below to derive (2.2) and (2.3) also

yield, via (2.5), that the bias approximator on the right in (2.8) satisfies

. $
2Lyloy] - Lylol} =g Z i (2.9)

i=1

Given (2.9), it follows from (2.8) that (2.2) is equivalent to

Enlly] ~¢ LN[?;N]-élﬂf. (2.10)
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This is noteworthy because, when the true log density belongs to the model family,
resulting in ﬂ? = 1, (2.10) can be rewritten as the bias relation used in Akaike

(1973) to motivate the definition of AIC, which, in our notation, is
—2Ey[0y] ~g AICy = -2Ly[0y] + 2dimd . (2.11)

That is, in this situation, (2.2) and (2.11) are equivalent.
It is clear from (2.6) that AICN[ﬁN] does not estimate —2EN[@N] in any other
- probabilistic sense, because the mean zero term Ey[fy] — Ly[fy] on the right in
(2.7) will generally be of order N'/2 in probability and will dominate the other

terms,. which are bounded in probability, by (2.5): consider, for example, the case in

N .
n—1 losflfl(x ), and logf[d_ ](x) has finite

variance v_ . Then N1/ 2{EN[0oo] - Lyl6, 1} converges in distribution to M0,v )

which x;,....xy are i.i.d., Ly[f] =

and so is bounded in probability. Hence, —2EN[9N] - AICN[bN] is of order NY/2 in
probability.

The fact that AICN[bN] approximates —2EN[@N] only in the mean sense was
originally made clear in Shimizu (1978), where the first complete published statement
and proof of (2.1) can be found, for the case of overparameterized Gaussian
autoregressions estimated by least squares. Shimizu does not mention the
interpretation of (2.1) as an overfitting principle given in the preceding subsection.

At least in the case in which Llflme belongs to the parametric family, (2.1) and
(2.2) are now part of the lore of AIC. The relation (2.1) is suggested in Figure 4.2
of Sakamoto, Ishiguro and Kitagawa (1986, p. 68), which is presented in the course
of their informal derivation of AIC for i.i.d. observations. (Our development of

(2.10) is similar in outline to their derivation of (2.11)). It will be seen in the next

section that second-order Taylor expansions easily suggest (2.1) and (2.2). What
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have been lacking are complete verifications of (2.2) and (2.9), and a general

formulation and derivation of (2.1).

Remark. Shibata (1989) discusses estimators of the term E;s:l ﬂf in (2.10) given
independent observations, including the first such estimator, proposed by Takeuchi
(1976), for a special case. He also considers the situation in which maximum
penalized likelihood estimators are used. More generally, Ishiguro et al. (1991)
successfully utilize a bootstrap estimator of the bias term E{EN[bN] - LN[Z?N]} for

~ estimators bN which need not satisfy (2.1).

3. THEOREMS AFFIRMING (2.1)~(2.3)

The theorems of this section do not require that Ly[f] be a loglikelihood
function. They thereby cover alternative situations considered by Linhard and
Zucchini (1986). For example, sums of squared errors from linear or nonlinear least
squares regressions can satisfy the conditions we impose. The basic requirements are
that Ly[f] = Ly[0)(x;,-..,xy) and its expected value function EN([6] = E{Ly[]} be
twice continuously differentiable on the convex set spanned by ©, that © have
nonempty interior in R°, and that Lyld # LN[P] with positive probability whenever 6
# 0 (identifiability). We use LI:IM to denote the gradient vector dLy[6]/00 and
LILI’[H] to denote the Hessian matrix 62LN[0]/6000T. Similarly for EIZI[H] and
EI:I'[()] Our derivations focus on the analysis of the difference of two second—degree
Taylor expansions, of Ly[fy] - LN[I9N] about fy, and of E[f] - E[6y] about Oy,

elaborated by the insertion of a nonsingular normalizing matrix BN,

{LN[HN] - LN[bN]} - {EN[bN] - EN[0N]} =
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(8 - B) TLyloy] - (B - 0y) "Eloy]
1 ; P ‘g Rl ,
+ 5 {By(Oy = 0)} {By (Ly [6y] — By [04])By HBy(fy — 0)}
(3.1)

where T9N and PN have the form apfy + (l—azN)Z?N with oy a random variable

1/ 2 times

satisfying 0 < oy < 1, and where BET denotes (Bg)—l. Often By is N
the identity matrix of order dim#é, but, for Example 1, BN =

~diag(N1/ 2, (ZN z2)1/ 2) is appropriate. We now present an easy and general

n=1 "n
result for (2.1) and a more restricted theorem affirming (2.3). The assumptions have
been chosen to accommodate some situations in which the sequence BN does not

converge, as in the special case discussed for Example 1.

Theorem 8.1. Suppose that the sequences bN = ‘N(xl,...,xN) and 0N satisfy (P1)
below. Assume also that there is a sequence of monsingular matrices BN such that the

eigenvalues of BEBN tend to co as N — oo, and such that conditions (P2)—(P3) hold:

(P1) (i) EI:IWN] =0 for al N2 N, for some N,
" . L T,
(ii) There is a K > 0 such that if (6 — O) (O — ) < K, then
Lyltyl = 0.

(P2) The sequence BN(bN — 0y) is bounded in probability.

(P3) (i) By {Ey (8} - Ly [Oy1}BY —, 0.
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* "
Also, for any sequence Oy = ongby + (1 — ay)Oy with ay = ay(xq,x)

satisfying 0 < any < 1, we have

. T v % ’ s -1

(ii) By {Ly [0y 1 - Ly [O5]}By = 0,
and

. T r 7k s’ —1

(iii) By {En [0y | - Ey [04]}By = 0.

Then (2.1) holds.

Proof. We must show that the terms on the right in (3.1) converge to 0 in
probability. For the second derivative expression, this follows immediately from (P2)

and(P3), because BET{LI:I'[?N] - E&'[@N]}Bgl is a linear combination of

expressions of the kind considered in (P3). The EN[0N] term is ultimately 0, by
(P1i). Finally, because of the assumption on the eigenvalues of BgBN, (P2) implies

-

On

tends to one. This completes the proof.

- Oy ~p 0. Hence, by (Plii), the probability that (bN - N)TLICI[HN] is 0
To obtain (2.3) from (2.1), and (2.9) from (2.5), we will use the following
standard result, see Chung (1968, p. 452)).

Lemma 8.1. If the sequence of variates ZN satisfies IN dist. 2 for some z, and if

SUpy 5IZN|p < oo for some p > 1, then €|zy| — £|z|, and €z — €z .
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For p > 0 and for random z, consider the p—norm |[z||p = {£|z|p}1/ P To

verify the Lemma’s moment boundedness assumption, we will utilize a simple variant

of Holder’s inequality: if the positive numbers Py, Py Py are such that le + pal

1

+pg = p_l, then ||uvw||p < |uj p1M w|, , see Hardy, Littlewood and Polya

1’2I P3’

(1952, p. 44), for example. In particular, for a > 0,

lovwly | o/240) € T8l a)l VT2l ¥ly4q) - (3.4)

We partition the integers j = 1,...,s into the (possibly empty) subset J of
indices j such that 6LN[9N]/ 60j = 0 holds with probability 1 for N > N, for some

NO’ and its complementary subset, denoted J (possibly empty).

Theorem 8.2. Let the hypotheses of Theorem 8.1 be satisfied and also (E1) — (E3)

below:
(E1) For some a>0, supy|(fy — 0 )TBTB (0 — 0] <
- » SUPNIVN ~ 'N) PNONUN T ON/l2(14-) :

(E2). For any j in the complementary subset J of coordinate indices defined

above, BN,ii = N1/2, and BN,ij = 0 ifitj, i = 1,...,s. Further,

-1 X
supy IN 3LN[0N]/60jﬂ2 < © .
*

(E3). For every sequence Oy of the sort considered in (P3),

. —T..77 * —1
(i) supy [tr(By En [04IBy )y < o0,

.. —T. * —1
(i) supy |tr(By Ly [OyIBy )y < o .
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Then (2.3) is satisfied. Further, if LN[bN] — Ly[fy] converges in distribution to a

variate z with a finite mean, then

limy o E{Lyl0\] - Lylon]} = €2 = limy_, _ E{Ep[0y] - ExlOy]}- (3.5)

Proof By the Lemma and (2.1), it suffices to establish the 1 + a/(2+a)-norm
boundedness of the Taylor expansion terms on the right in (3.1). For the second
degree terms, this follows from (E1) and (E3) via (3.4). The term
~(I9N - N)TEI:I[HN] is eventually zero by (P1i).
It remains to consider terms involving BLN[leaﬂj with jeJ. Let A(N) denote
the event {(9N - N)T(bN - 0y) 2 K}, pr(A(N)) its probability, and 1 A(N) the

variate which is 1 if this event is true and zero otherwise. By (P2ii), for each jeJ,

(B - Oy P OLyllyl/ 6, = {1\11/2(4‘91\1’j _ 0N’j)}{N_1HLN[éN]/a()j}{Nl/zl Ay} -

Therefore, by (3.4) and (E1) - (E2), the boundedness result we are after can be

obtained by verifying
supy (N2 pr(a)) /AT (= qupy [NV Am)la(140) < -

This follows easily from Chebyshev’s inequality (Chung (1976, p. 46)):

-~

supy, N2(1+a)pr(A(N)) ¢ K—2(1+az)SupN N2(1+a)£((0

N - 0N)T(*0N _ 0N))2(1+a)

= K204 qup EN(By - o) T(By - )T < 0,



[y
-3

the finiteness resulting from (E1).

There are numerous results available in the literature for verifying (P2) and
(P3). Some references are given in Section 5 below. The situation is quite different
with (E1) — (E3). Precise results are given in Section 6 to establish their validity in

cases of Examples 1-3.

4. MINIMAX LIKELTHOOD PRINCIPLES, PARSIMONY, AND ANTIPARSIMONY
~ The left hand side of (2.1) is not an observable quantity because fy is
unknown. We can only observe differences of LN[bN]—va.lues from competing models.
Under' the conditions described in this section, such differences approximate the
difference in overfitting costs of the estimated models. As in Section 2, we assume

that 6y and bN are maximizers of Ey[f] and Lyl6), respectively.
t rue

Suppose we have two competing families for approximating Ly' ", namely
(D), o) ¢ o) ¢ R0 i = 12 . The relations
L§Il)[b§r1)] _ Lér”[%&”l . E§2)[79§2)] _ Elgxl)[?’&l)] (41)
and
L§1)[@§1)] _ ngz)[blgz)] v E§2)[9§2)] _ Eél)[aﬁl)] (4.2)

follow immediately from (2.1) and (4.3) — (4.4) below, respectively, (2.2) and (4.4):

L{MelM - 1P —, o, (43)
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BN - {6 — o (4.4).
Note that (4.3) and (4.4) both hold if
LVl = 1{Pie{?, N2, (4.5).

If LIEIme belongs to both families, then Llsi)[ﬂlgi)] = Llflme, i=12 as we
explained in Section 2.2, and (4.5) is satisfied.

- The left-hand side of (4.4) is the difference of the Kullback-Leibler
discrepancies of the best models from the true model, Ef\}rue - Elgi)[ﬂlgi)], i=1.2
Thus .(4.4) requires these best models to be asymptotically equidistant from the
truth. Usually, when (4.4) fails, E{V[8{!)) - E{®[{?)] has order N. Then the
costs of overfit, EN[olsll)] - EN[Z?ISII)], i = 1,2, which are bounded (in probability)
by (2.5), will be of negligible importance for model selection, for large enough N.

The condition (4.3) requires that the best models be asymptotically coincident.
In many situations where (4.3) holds, both sides of (4.1) have a limiting distribution
which is the distribution of a linear combination of independent chi-square variates

with 1 d.f,,

1)1 2)7(2 2)7(2 1)1 - 2
L1£I )[0§ ) - LISI )[()ISI I, EI£I )[()lsI ) - Elgl )[01£I ) ~gict. jE_lozjxj(l). (4.6)
In (4.6), both positive and negative coefficients @; can occur unless the models are

nested, see Theorem 4.3 of Vuong (1989, p. 313) for the i.i.d. case and Proposition

7.3 of Findley and Wei (1989) for the case of stochastic regression models.
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4.1 Minimax Likelihood Principles

To help interpret (4.1), we note that it has the following consequence. Suppose

that for some 6 > 0, the events
By(@ = {L{ME{M - 10 > 9

have a probability which is ultimately positive, limy | pr(By(6)) > 0 . Then for
*
~any 0 < § < §, it follows from (4.1) that the conditional probability under By (é)
N N *
that E1£I2)[01£I2)] - E&l)[BISII)] > § holds will converge to 1,

N PECESDID) - V(M) > 6 | By(o) = 1,

because this probability is bounded below by
pr({ELIE®) - eV - w{DeM) - 120 < 66 | By(9).

In this sense in particular, the value of L(l)[b( 1)] - L(2)[9(2)] is indicative of the
value of {Etrue E(l)[()(l)]} {Etrue E(2)[0(2)]} Thus, in the case of
loglikelihood functions, (4.1) embodies a minimaz likelihood principle: among models
which are asymptotically equivalent in the sense that (4.3) and (4.4) hold, the model
with smaller maximum likelihood is to be preferred, because it has a lower cost of
overfit, in the sense discussed in Section 2.3, by approximately the amount
gt - wiPed.

The relation (4.2) expresses an analogous mean minimaz loglikelihood principle

concerning mean overfit.
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42 Nested Models: Overparameterization and the Parsimony Principle

we say that L{D[0D)], 62 ¢ 6() is nested in LLV [V, o1 ¢ (V) if, for
each 0(2) € 9(2), there is a 61 € 0(1) such that Llsz)[ﬂ(z)] = ngll)[ﬂ(l)] holds for
all N. Because of our identifiability requirement, this 0(1) is unique, and the
function g defined by g(0(2)) = 1) has the property that g(6(2)) # g(P(z)) if
0(2) # 7)(2). Assuming that djm0(2) < dimﬂ(l), we say that the 6’(1)—fa.mily is
overparameterized relative to the smaller 0(2)—family if the EN—functions ultimately

have the same maximum value,

(Ui = e{P1{ 2Ny . (4.7)

In other words, the best models in both classes become equidistant from thlrue in
the Kullback-Leibler sense. Assuming that the maximizer 01£11) of Elgl)[o(l)] is
unique when N > N, it follows from (4.7) that g(ﬂlgz)) = 01&1) for N 2 N, and
hence that (4.5) holds. Then, if (2.1) and (2.2) hold for the two families, so do
(4.1) and (4.2). Since ngl)[alsll)] - Llslz)[blsl2)] is nonnegative, the limiting
distribution in (4.6) will be positive with probability one. Therefore, the mean
minimaz principle will prefer the nested 791&2)—m0de1 when N is sufficiently large, and
the minimaz principle will also prefer this more parsimonious model with probability
approaching one, as N — oo. In these senses, overparameterization is undesirable.

These two asymptotic arguments in favor of the model with fewer parameters
when (4.7) holds constitute precise, mathematical derivations of two principles of
(parameter) parsimony, derivations which avoid the assumption that L;Irue is
contained in the nested family. Somewhat surprisingly perhaps, no similarly general

principle holds for non-nested models comparisons, as we now explain.
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4.3 Non—Nested Models: Parsimony and Antiparsimony
With non-nested models satisfying (4.5) which are not close to the correct
model, it can happen that the mean of the distribution of the right hand side of
(4.6) is such that the mean minimax loglikelihood principle favors the family with
more estimated parameters, and so is antiparsimonious, see the second example of
t rue

Findley (1991). On the other hand, if both families contain Ly ™ and if, say,
dimo® < dimﬂ(l), then (4.6) usually takes the form

AL - 1P 2m0) - 2 g, Am),
(4.8)
with A(m,d) = x2(m+d) - x2(d), a difference of independent chi-square variates with
degrees of freedom d+m and m, where d = dim0(1) - dim0(2), and m = djm6’(2) -
djm0(1’2), with dim0(1’2) denoting the largest dimension of a family nested in both
the A1) and 0(2)—fa.milies, see Proposition 7.2 of Findley and Wei (1989), for

example. Then, under the assumptions of Theorem 3.2, we obtain
2)a(2 1)5(1 1
e () - e~ 1, (4.9)

which shows that, in this case, the mean minimaz loglikelihood principle selects the
more pArsimonious 0(2)—model when N is sufficiently large. This is a weaker
principle of parsimony for nonnested models which overparameterize the true model.

However, since

timy_ . pr(ELDB{) - E{VBLY) > 0) = pr(A(m,a) > 0)
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is less than one, it follows that there is always a non—zero probability that A(m,d) is
negative. For this event, the minimax likelihood principle selects the less
PATSIMONious 0(1)— model, because it has less overfit, for large enough N. Table 1

below gives these probabilities of antiparsimony for a range of values of m and d.

Table 1

The probability pr(A(m,d) < 0) that the m.le. model with d additional parameters is
less overfitting asymptotically than the more parsimonious model, when the dimension

. of the intersection of the two competing loglikelihood families is m less than the
dimension of the more parsimonious family. It is assumed that the true log density
belongs to both families.

m\d 1 2 6 12 18 00
1 29 18 .03 00 .00 0
2 35 .25 .06 01 .00 0
6 42 .35 14 03 .01 0
12 44 .39 21 07 .02 0
18 45 41 .25 10 .04 0
00 50 50 .50 50 .50 0

Let us now consider the performance of MAIC under (4.8). Assuming (4.1) and (4.2) also
hold, the difference of AIC values,

arc{b? = 2 (Va() - {2 + 24

is an asymptotically unbiased estimate of -—2{E1£11)[?01£11)] - E(2)[?01£12)]}, but does not estimate

this quantity in any stronger sense, being, in fact, a consistent estimator of

(e - + 24,
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by (4.1). The derivation of AIC given in Subsection 2.3 makes it clear that the minimum AIC
procedure is focused on selecting the model with smaller mean overfitting cost, which is the more
parsimonious 0(2)——model. How well does it succeed? Under (4.8), the limiting probability of
selection of the 0(2)—model by MAIC is given by

limy_, pr(AIC{Y?) > 0) = pr(A(m,d) < 24) .

Table 2 gives these values for several choices of m and d. The values associated with m=0 are for
~ the nested case. The tabled values show that MAIC achieves its goal best when dimﬁ(l)—dim0(2)

is large relative to the parameter excess in the intersection of the families.

Table 2

Asymptotic probability that the minimum AIC procedure chooses the more
parsimonious model under (4.8) for a range of m and d values.

m\d 1 2 6 12 18 %
0 84 87 94 98 99 1.00
1 74 81 92 .98 99 1.00
2 68 77 90 97 99 1.00
6 59 67 .85 95 98 1.00
12 56 62 79 92 97 1.00
18 55 59 75 89 95 1.00
0 50 50 50 50 50

We note, finally, that since A(m,d) < 0 excludes A(m,d) > 2, the limiting probability is
zero that MAIC selects the less parsimonious model when this is the model preferred by minimax

loglikelihood principle.
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Remark. The derivation of (4.8) given in Findley and Wei (1989) is for stochastic regression
models, but, using the notion of orthogonal parameters, see Cox and Reid (1987), it is easy to see

how to carry out generalizations to other situations, such as that of Theorem 3.3 of Vuong (1989).

5. VERIFICATION OF (P1) — (P3) OF THEOREM 3.1
Consider first the situation (appropriate for Examples 2 and 3) in which bN and 0N
converge into a compact set in the interior of ©, as happens, for example, if 0N — 000 € Int® and
(P2) holds. Then (P1) is satisfied, and (P3) will follow from Uniform Laws of Large Numbers and
~ their analogues, ensuring uniform convergence in probability of BET{LI:II [6 — EI:I’ [0]}BE1, and

from uniform equicontinuity of BETEI:I, [0]BE1, on compact sets: see Potscher and Prucha

( 1991;) for very general results and examples related to dynamic nonlinear regression and also
covering the i.i.d. case. Of course, in the case of our Example 2, where N_ILI:I' [6] and
N_lEI:I' [6] coincide with the continuous matrix function —&’ /[], such results are automatic.

The remaining condition (P2) is satisfied if By( bN — 0y) has a limiting distribution.
Results establishing asymptotic normality are given in Berk (1972) for exponential families and in
Potscher and Prucha (1991b) for dynamic regression models as well as i.i.d. models, for which a
quite general discussion has also been given by Bryant (1991).

Finally, let us consider Example 1, where f); can be unbounded. Here (P1) is satisfied

because LI:I[Z?N] =0= EI:I[b’N]. For (P2) — (P3), consider the formulas

N N N
2:1/2,+ 2\—1/2
(nzl z7) / (By —By) = (nil z) / nzl zZ € (5.1)

N N .
N2y —v) =N B () N2 B (B~ )
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N
-1/2 3

n=

+a 2 B (e (52)

and, as representatives of the second derivative formulas,

. N

N n = e A B 69)
N

N1 % Byl = v - w e gy B} 64)

«From (5.1), we see that ()'..‘11\11=1z121 -1/ 2(BN — By) is bounded in probability because its
mean square is bounded (equal to v*). Similarly for the first term on the right in (5.2), because

e, has a finite fourth moment, and for the third term, since N_121§=1

(1, — Byz,)* is bounded.
Consequently, (P2) holds. The way in which (P3) is also satisfied is now clear from expressions

*
like (5.3) and (5.4), because the terms explicitly involving By tend to zero in probability, as does
*

VN - VN.

6. VERIFICATION OF (E1) — (E3) OF THEOREM 3.2
Not surprisingly, we have to impose more restrictions on the model families to obtain (2.3).
We will often need the parameter set © to be compact, usually a compact subset of a noncompact
"natural" parameter set. Also, when no explicit formula is available for bN’ we will assume that

the true model is in the family, at some 000 € IntO.

6.1 When ZlN is a Linear Least Squares Estimate.
We focus mainly on Example 1. Here the deepest problem is the difficulty of verifying
* s E 3 * v s E 3 *
(E3) caused by the negative powers of vy in Ly [vyy, Ay and Eyy [vyy, By, see (5.3) — (5.4).
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*
Note that since VN > vx, only the event {'N Svn SN is problematic. Hence it suffices to

establish

SUPN N (p) Eligl P<oo (p=123,.). (6.1)
In general, this requires strong assumptions. We consider two possibilities.

6.1.1. Unrestricted ©.

Assume that x_ is Gaussian and that = fyz . In this case, V); has a xz(N—l)
distribution, and (6.1) holds for all p > 1 with N(p) = 2p+1, see Lemma 2 of Sriram and Bose
(1988). for a general result. Clearly (E3) follows easily in this case, as do (E1) (J is void) and
(E2).

Findley and Wei (1989) established the analogues of (6.1) and (2.3) for Gaussian vector
autoregressions. Bhansali and Papangelou (1992) improved upon their results in the case of
univariate autoregressions. Findley and Wei (1993) give a very general result for non—Gaussian

vector autoregressions.

6.1.2. Restricted v: © = {[v ﬂ]T: Vp$v<o00,—00<f< oo} for some 0 < v0<vx.

8(1+a)

Assume that supy £| e, < 00, and that the regressors z_ satisfy

~4(1+0) N
n=

N
. 2 8(1
th——-o o0 (nzlzn) 1 |zn| (+a) 0, (6.2)

and

N
-1 4(1
supy N Ellp,n—ﬂNznl (1t+a) . D, <, (6.3)
n=
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for some o > 0. It is easy to check that (6.2) is satisfied if y = p#0andz = n

N |4(1+a) has order

05r<0.25(1+a)_1. So is (6.3), because then N_1ﬂ§(1+a)2n=1|zn

N In4(1+a)ryl—4(1+a)r _
The formula given earlier for the maximizing value vy in the case of unrestricted ©

remains valid, because vyy > v, > v(,. But now the w“rN maximizing LN[v, BN] has the formula
- —1-N . 2
Uy = max{vy, N D _ (xy—Fyz,)°} - (6.4)

~Xf [¥y| < 0.5(v* —v,), then ¥y > v¥ and Lgfvy, Byl = 0. Hence (P1ii) holds.
The condition (6.2) is exactly what is required to obtain the convergence of
eIN 2By — 8)180F) 10 £12)8(1+@), with 7 « K0, v¥), see Corollary 2 of Chow and Teicher
(1988, p. 410). Hence these moments are bounded.
On the other hand, a standard moment inequality for sums of independent variates, see
Lemma II1.3.1 of Ibragimov and Has” minskii (1981, p. 186), asserts that D __ in (6.3) is

proportional to an upper bound of the absolute 4(1+a)—moments of the final term on the right of

the identity (5.2) for N /A NTIEN_ (x_—Bya )2 —vy). Thatis, (6.3) yields
~1/2 N
supy [N En:l(/"n_ﬂNzn)enI4(1+a) <00

Under (6.4), since VN > Vg We have

1/2 1/2/<.N

N (Fnmg0 — Byn)” = vl

(- v <IN

Thus (6.2) and (6.3) together imply, via (5.2), that supN||N1/2(w7N - VN)H4(1+a) < 0.

Therefore (E1) holds. As is clear from (5.3) — (5.4), these results, and the fact that GEI < val,

are enough to establish (E2) and (E3).
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6.2 No Explicit Formula for #;: LLD. Case (Example 2)

The only source of difficulty in verifying the conditions of Theorem 3.2 for general minimal
exponential family models is the verification of (E1). We begin with a general result for (E1).
Suppose that the X, n= 1,2,... are independent and identically distributed, and that
f{0)(x), 6 € © is a family of density functions (with respect to a c—finite measure v on the sample
space X) containing the true density of the x , ftrue(x) =f] 000](x) with 6 € Int®. We need a
set of conditions involving only © and the f[§] which yields (E1). The main such result in the
literature is Theorem III. 3.2 of Ibragimov and Has’minskii (1981). Theorem 6.1 below is a

~conveniently stated special case, some of whose hypotheses we now describe in advance.

We consider only the case where © is compact set in R® with nonempty interior and without
isolated points (every point on the boundary is a limit of points in the interior). As always, f{6](x)
and f[8}(x) are required to define distinct distributions if 6¢6. Also, f{f](x) must be differentiable
at every 6 € © for v—almost all x, and f1/ 2[9]()() Aogf[6)(x)/ 00 must be v—square integrable.

Further, at each 8 € ©, the "information" matrix

- T
1[0 = [ {Aogf]f](x)/ 6} logf] 6](x)/ 36} ~ 1] 6] (x)dv
must be nonsingular. Then, under the assumptions of Theorem 6.1 below, I[§] is a continuous
function of 6, see Theorem 1.7.1 of Ibragimov and Has’minskii (1981). As a consequence, its

eigenvalues are bounded and bounded away from zero on ©. Finally, if s > 1, we also require that

for some r>s,
§
supy [y _Ellalogﬂﬁl/aﬂi|rf[0]du <00. (6.5)
1=

Recall that a family g[6](x), 6 € © is called lel—continuous on O if
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. y: 2
timy _, g I 16(0) ~&(0) 2 = 0 (65)
holds for all § € ©. (@ is restricted to lie in ©).

Theorem 6.1 (Ibragimov and Has’minskii). Suppose that the conditions stated above apply and,
also, that f/ 2[6’] and ot/ 2[0] [06,,1=1,...,5 are L?}—contz’nuous. Then the mazimum likelihood

estimates bN satisfy
N2 0 ) =g, 40,1017, (6.7)

and, f;r everyp > 1,
supy EIN(Iy — 0. ) T(0y — 0, )IP/2 < 0. (6.8)

We utilize this result in the proof of the following theorem, which verifies the

bias—correction property of AIC for exponential family variates.

Theorem 6.2. Let X0 =1,.., bei.i.d. variates with an exponential family distribution which is
specified in terms of a minimal sufficient statistic t(xn) of dimension s by means of a density
f16_)(x,) = b(x)exp{ 0£t(xn) — K{0]} (with respect to a o—finite measure v), with 6__ in the

* *
interior of the natural parameter space © . Let © denote any compact set in Int® containing 000

in its interior, and having no isolated points. Then (2.3) holds, for arbitrary a > 0, as does (2.11)

N

for the mazimizer bN of Lglf] = Nt Y =1 logf[f](x ) over ©.

Proof. We will verify the conditions of Theorem 3.2 with By = N_I/ 2] Because 000 defines the

*
true density, it is the maximizer of Ex[f], and since 6_ € Int© , the condition (P1i) holds with



30

N,=1. We have N_lLI:I[Hj =N1 21§=1 t(x,) — #’[0]. Thus the validity of (E2) follows from
the fact that x’[6] is continuous on ©, so its entries are bounded on this set. The remaining
conditions follow from N—lLI:I, (4 = N—IEI:I' [4 = e [0] and from verifying the hypotheses of

Theorem 6.1. This will establish (E1) and also (2.5) with ﬂ? = 1,i <i ¢ s, since, for example,
" P T 7~ *_ .
LN[0N] - LN[aoo] = (N/2)(0N - 000) k [0N](0N - 000)»
: 1/2,; rrin -1
and we will have N/ “(b¢ — 0_ ) —g;6¢ M0, & [0, ] 7), from (6.7).

It remains, therefore, to verify the lej—continuity of £/ 2[0](1:) and its gradient, and the

condition (6.5). The required continuity of fl/ 2[¢9](x) is apparent from

I 2400 — 1/ 4000 2aw = 1109) + 10 — 26/ 2B/ 2y e
= 2 — 2exp{— ([0] + K[6))/2} [x exp {(3+0) "t(x)/2}dv
= 2 — 2exp{K[(3+0)/2] — (W[8] + K[O])/2} , (6.9)

because of the continuity of [f]. Now consider the derivatives

o'/ (6)(x)/ 00, = /(A ogtl e 28,
= 1121, (x) — £/ 1, (6.10)

fori=1,...,s. The lej—continuity of the final term in (6.10) follows from that of it/ 2[0] and the
continuity of n; [6]. The Li—continuity of ot/ 2[0](x) /86, is therefore an immediate consequence

of the formula
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I 20 - 1202w = 5[0 + ;10
— 2 & [(6+6)/2)exp{x[(P+6) /2] — (s8] + K[6])/2},

which is derived by a calculation analogous to (6.9), using the fact that

510 = g EMA(x)dw .

It remains to establish (6.5) for dlogf[d]/d0 = t(x) — K [6]. Since n,[ﬂj is bounded on

compact sets, by continuity, this can be accomplished by verifying

supg Jx 16(x) T t(x)| MO (x)dv < oo (6.11)

for some integer q such that 2q > s. For this, we only have to recall that 2g—th moments can be
written as polynomials in cumulants of order 2q and less, which, for t(x), are the partial

derivatives of x[6] of order 2q and less. Since these are bounded on 9, (6.11) follows.

6.3 No Explicit Formula For bN: Gaussian ARMA Case (Example 3)

Maliukevicius (1988) was able to build on the results of Chapter III Ibragimov and
Has’minskii (1981) to obtain an analogue of Theorem 6.1 for Gaussian time series. The theorem
below is a simply—stated special case of his Theorems 2.1 and 2.2.

Let x| be a Gaussian, mean zero, invertible ARMA time series with spectral density
ftme()\). Let f{6)(1), 6 € ©, be a parametric family of invertible ARMA spectral densities such
that © is convex and compact, and f(6) # {[6] if 6 # 6. Then f[d]()) is differentiable on © and it is
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known, see Poskitt and Tremayne (1981, pp. 976—977), and also Hosoya and Taniguchi (1982,
p. 138), that the matrix

d T,0
vig) = 17 {25 1081610} T{ 35 logil () }aA
is nonsingular for all # € © . This is an essential condition for

Theorem 6.2. (Maliukevicius) If ftme(/\) = [0 )(A) for some 6 __€ Int®, then under the

~ assumptions made above, we have

N/ A0y = 0.) —gisp, M0, VIO, (6.11)

and
supy EIN(8y — 0_) (B — 0 )P/ 2 < oo, (6.12)
forallp > 1.

To verify the conditions of Theorem 3.2 under the assumptions of this theorem, we first
note that N/2(8 — 6_) — 0 holds, as explained in Remark 2.1 of Findley (1985), so that (P1),
(E1), and (2.5) with §5 = 1,1 <i ¢ s follow from (6.11) — (6.12). Then, utilizing (6.12), the
arguments used to establish (3.8) — (3.10) of Findley (1985) immediately yield (P3) and (E2) —
(E3). Hence, by Theorem 3.2, the relations (2.3) and (2.11) are valid for these models.



33

Remark. In Findley (1985), this conclusion was obtained by assuming the validity of (E1) and by
making a stronger assumption than (P1ii), essentially that bN € Int® with probability one. The

latter condition is too strong: as the situation analyzed in Section 6.1.2 illustrates, for each N, bN
can be expected to be on the boundary with positive probability, because the innovation variance

parameter is not naturally bounded away from zero.

7. A COUNTEREXAMPLE TO (2.1) AND (2.2)
For a sequence € N of independent Gaussian variates each with mean zero and variance 1,
-let x_ be the random walk process defined by x, = 0 and by x = T¢_, e, forn > 1. With

—00 < # < 00, consider

Lg=—Ll % . )2
N[0]=_§n=1(xn_ n—l) :

2

Since €x x . =&x, 4

= n—1ifn > 1, it follows that the expected—value function Ey[f] has the

formula

Exlf] = — 4 ngl{gxﬁ + (% —20)ex>_} = — 3{N + (6-1)*N(N-1)/2} .

2

. N _ » _ wN N
Hence its maximizer is fjy = 1. For Oy =% _,x x /¥ _ x n—1, W€ have

. Noa 0 32
LN[HN] - LN[I] = (nilxn—l)wN - 1)

and
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Eyl1] - Eglfy] = (N(N-1)/2)(8 — 1)* .

The variates on the right are known to have different limiting distributions, see Example 3 of Lai
and Wei (1982) and Corollary 3.13 of Chan and Wei (1988), for example. Therefore (2.1) fails to
hold. Concerning (2.2), David Dickey has provided the author with the following values, obtained
from well-tested approximations to the asymptotic distributions, values we confirmed with

Monte Carlo estimates of the expressions on the left,
limy _, o E{Lylf] —Ly[l]} = 11,
Thus, not surprisingly, (2.2) also fails.
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