May 4, 1564

A Set of End Weights to End A1l End Weights

Glven & ﬁoving average.used to'calculate & seasonal factor curve cpr

a4 trend-cycle curve, the pfoblem is to derive aiset of moving average

weights for the eng terms which will minimize revisions between prelimi-

. R8ry and final estimates of the seasonal or trend-cycle. As an example,
consider the end weights for the 5-term moving average as a geasonal fac~
tor cu;ve. End weights for other seasonal curves of different length and
trend-cycle curves may be derived in a similar menner.

Let Xip aeny IS represent the latest five S-I ratios (urere XS repre~
;senua the end year value), Szmilarly, let S1, 5000 85 represent the "true”
' seasongl factors corresponding to II’ aGop X5. Assume that Xi = Sl + Ii’
where-l is the irregular corresponding to Xi. Further assume that ths Ii’s
are indeaendent with equal varisnpce dfi

Defina: S, = W X +71 + J X, + H X + w Xﬁ
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S = W1 IB + H Xz + w I + W X + Hi I7
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where 84 and S; are the ultimate estimates of 54 and 85. As the preliminary -

estimates of S4 aﬁd 55 when data is available through I5, define:

s, = T, x2+u2x3+03x4+u4x5,

SS = V1 x3 + v2 I4 + VB 15.
We want to minimize
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o n _I 2 _ n ) 2
R, = E(sé - 5,)" and R, = E(Ss -8;)

with respect to tho Ui and V, subject to tie constraints
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Now R, @ @

= [ %) (0~ ) (U < w)? + (1, -+ 2T g

+ [(uy =w)s, + (U, - W,)s; +(u -¥,)s, +(U - W,)s --ws6_7
where B, ' = E(S)-E(S)
S, -8
L 4 K
Clearly, it is an easy matter to minimize J-S - 4 with respect to

the Ujﬂ-and obtain eatimates of the “i/ in terms of the W&. To minimize

Bg"' - 5', however, it is necessary to mske the further assumption that
& 4 -

S - S = AS’ where AS is a constant. Hence, define 52 .= S, 33 =8 +AS,

t+
LR XN ] S6—S+4As
To minimize R1, form F = P. -A[«é U - 1_7, where Aia a Lagrange

miltiplier. Differentiating, we have:

) 3—3—- 2031 - %) 73 - X +25, B= 0,

1

(2) 3 = 20, =) TP -4 +28;8=0,
(3) = 2(u, -w) 07 - )-1—25413-0,
' F

(4) g-u— z 20, -Wy) ﬁz-}l+2353=0.
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Sumning: 2 /1 - (1 = %,)7 (12 - 4 )+ 2B %s
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I:'ou 01 = ‘H1 + 5?‘:.;2 -0%
= W, +'f_1_+B%si _BS
P g ®
w o —
= W, + " + _B [is+6d, - 45/,
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' W, . 3
(1)u, =w,+M + °4s B
VT g |
. W 34 s ok 5 '
=W, + M + v, - - ~
1t g 13(,_:_ U, %ﬂi)+ds[02+an3+3tr‘
(w1'+2w3+3w2+4w1)_7_/
2 0 -
=v1+‘_:_1_+ 3‘313' [2-20 -0, +0, ~27
| 2
. '} 34 ~ 7
' =W, + "1+ S - -
N L=20 -0, +0,/ \

" 2 : A2 |
(1" (1+3§2§)u + 2 B, +0.7,-2
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- 2 U, 432 U o=W o+,
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It is nec_easary at this point to derive a functional relationéhip between
452 /472 =t —r—
ﬁs/(ﬁ and I /S , ainca the W, are based on the size of I/"S A

.T‘ 2 2

2 -
= 5 §I (§1 = . §+‘1 j; -- this approximation due to
- Rosenblatt)
2 o o
-t+1 + I - 2 ﬁ'l‘-H It
t+1 £ ) E(Iy4q E(Ty)
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=t 41 s S . '
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Clearly, the above analysis holds only if As is constant for the entire
historical period. Let'd = E‘ 1. 1rans, =§%= !‘-§1 .
S0 :
Hence, 5 ° = A2 e )2 and £ = (nJ.)_ﬁ Vhen a1l S, = §,
dzs = §’2 @0
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In the special case where all S Q,
T 4 s .
D =as = — " o ¢
= 7 “00)2 I) .
In the special caae‘where’i—"i = 1—!.3 ’
: ; -
p=4s = 4 [5)2
12 7T
. Then we have: :
@'y v =w, + ¥ 4 2 p .8,
1 1 7 2 =
4g
(') v,=w +% 4+ 1 D_y
2”27 7 2 Ag
! W, 10D .
’ 3 U = 'W + 3 renr H
B U=z 450
) u, “4+ZL ZAS'B’
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mo D Doy oow s W
(3) DU -3 U,+Uy+3 %-w2+f
" 3 P T
(1) anq-znnz+ u+2n)% w2+f,
| =l
Using metrix nctation, A W = X 5 U = A X) where
o . “- ra— - i “ —
(1 +30) % D 0 2 v, v, + Zl
. D D W
_ D 1+ 2) 0 ) U, W, + Zl. X,
D D L
D - 1 > U, Wy + Z;
| Dy
-3D 2D 0 1+2Dp)|lv W+
i 2 D% [N7 7

To solve for 2~ and U, use the DAM regression program.

Suppose As—- 0; i.e., S is a stable geasonal. Then

B= S/fz_ U ZW/ 0. Hence, the U, are unbiasad estimates of the W, and

“are as follows:

W ' W
9, = W, +1, U, = W+ 17
U2 = W2+‘il_, U4'= ﬂz"‘r_"_-
4 4

I n n
The U, derived from (1) - (4 ) depend on:

(a)
(v)
(c)
(a)

£he central weights Wi,
o |
the I /S ratio,
the level of the S 4!
the assumption of a seasondl with a linear trend which is the same

in the historical and current period.
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Similarly, minimize R. = 45. -8, + B" - g
2 5 5 SS 5

= / 2 2 ' 2,02, 02772
= L0 -W)% 4+ (V, - W)? + (7, - W)? 42+ w2 7T

+ /L0, =) S+ (V) = W,) S, + (V3 - W) S, - W, S - W, 37_72.

. 3 . . :
Let F = R2 - A [{- Vi - 1). Differentiating,
S " 2 _
- Mg = 20 -w) Ji°- } +25;8=0,
2F _ 2 _
(2) 5V, = 2(v2-w2)cfi —/\+2s4.a_o,
&F _ 2y e
(3) av; * 2(v3-w3? o’f -X+28B=0."
‘ 5
2
Then A = 2ﬁ (w‘l *HZJ + 2B£;2 Si
)y = s,B
Now V1—W1+ m - ?‘%
5 .
3 ﬁﬂ_ 3112
1 v, = W + ¥ W, AgB
1 1 3 m—z

3 5
- W, +¥W A >
= w1_+1 2 + Qs Z;(f’vi“{'“i)*ds 2t Wy -
(w2+zw3+3w2+‘4w1); /

(1) v1=jw + M b = A% (2§1+v2).
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Then we have:

Nov o= W+,
(1) V1-_W1+__1_3_,g +—§;.B,

2" v2=u2+“1 + W,
3.

6 vy=w Tt -

3-
or’
@) Gemv, = -pu, e+ T2,
3 .
n _ W, + W
3) va = DV, +DV, +¥,y+ 13 p)

n ' )
(2') is the same as (2 ). Note that the mtddle weight in a pattern of

end weights composed of an uneven number of terms depends only on the Wi.



