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Fairness in Apportionment 

To apportion is to distribute by right measure, to set off in just 

parts, to assign in due and proper proportion. 

Daniel Webster, 1832 

1. The Constitutional background - 

Apportionment is concerned with the allocation of Congressional seats within 

the U.S. House of Representatives. It therefore deals with the very substance of 

political power. Over the course of U.S. history, as waves of immigration and 

migration have shifted the demographic balance amol~g different sections of the 

country, the accompanying changes in political power have played out through 

the apportionment formula. Indeed, the history of apportionlnent provides a 

remarkable window on the larger political and demographic currents sweeping 

over our society. 111 this paper i shaIi give a ti~umbnail sketch of this fascinating 

history, focusing particularly on the perceived fairness of different approaches, 

which is the common thread that runs through almost all debates on the subject. 

A more complete account may be found in Fair Representation: Meeting the Ideal of 

One Man, One Vote, 2nd edition (Balinski and Young 2002). 



Language governing apportionment may be found in Article I, Section 2 of the 

U.S. Constitution: 

Representatives and direct Taxes shall be apportioned among the several States which may be 

included within this Union, according to their respective Numbers, which shall be determined by 

adding to the whole Number of free Persons, including those bound to Service for a Term of 

Years, and excluding Indians not taxed, three fifths of all other Persons. The actual Enumeration 

shall be made within three years after the first meeting of the Congress of the United States, and 

within every subsequent Term of ten Years, in such manner as they shall by Law direct. The 

Number of Representatives shall not exceed one for every thirty thousand, but each State shall 

have at least one Representative. 

Here the term "apportioned" means that representation should be made 

proportional to the number of free persons in each state, subject to the 

modifications spelled out in the subsequent clauses of the article. While 

proportionality to numbers may seem reasonable or even obvious from our 

vantage point, it was by no means obvious to some of the delegates to the First 

Constitutional Convention. Indeed the issue of what constitutes the proper basis 

of apportionment was the subject of much discussion. One could easily argue 

that the number of voters in a state, or the number of voting age, or the number 

of citizens of voting age would be as reasonable as counting the total number of 

inhabitants. Some of the delegates went so far as to maintain that the most 

reasonable basis is the economic contribution of each state to the federal coffers, 

that is, the amount of its taxes. Implicit in this view is the idea that property 

rather than persons is the natural object of representation. While this position did 

not ultimately prevail, it was not entirely jettisoned either. It lingers in the 

infamous three-fifths rule, which gave representation to slaves (a particular form 

of property). It is also implicit in the language linking representation and 

taxation: instead of making representation proportional to economic product, the 



framers insisted that direct federal taxation be proportioi~al to representation. 

(For this reason, early attempts by Congress to levy an income tax were declared 

unconstitutional; it required the passage of the sixteenth amendment to remedy 

the situation.) 

An important adjunct to the requirement of apportionment "according to their 

respective Numbers" is that an enumeration be carried out every ten years to 

keep the Numbers current. This represented a striking departure from practices 

in other representative democracies of the day, notably Great Britain, where the 

allocation of seats in Parliament was largely a matter of historical precedent and 

often had little to do with the actual population of the various voting districts. 

While the Constitution is clear enough that representation should be 

proportional to the number of inhabitants, it does not spell out exactly how the 

apportionment should be calculated. This raises a difficulty, for in practice exact 

proportionality will almost always be unachievable due to the rounding 

problem. Inevitably, some states get more than their fair share and others less. 

The question then becomes: what is meant by "equity as near as may be" when 

perfect equity - cannot be achieved? The history of apportionment in the United 

States can be viewed as a two hundred year debate on how to resolve this 

question. As we shall see, it has involved some of the country's greatest 

statesmen, as well as leading mathematicians, statisticians, and political analysts. 

Often the fiercest debates have been over the disposition of a single seat. Even 

one seat can tip the balance of political power, which makes the argument over 

principle all the more telling. 

2. Formal statement of the apportionment problem. 

An apportionment problem involves a group of states with given populations, say 

pi, p2, ..., pnr and a whole number a of seats to be distributed among them. An 



apportionment allots a whole number of seats a, to each state i, the sum of the 

allotments being a. An apportionment method is a criterion that determines one or 

more apportionments for every possible cornbination of populations and number 

of seats. The ideal is for each state to receive its exact proportional share of seats, 

known as its quota, subject to each state receiving at least one representative. 

QUOTA. The quota of a state is the fraction that the state's population represents 

of the total population, multiplied by the total number of seats. 

In almost every real case, quotas are whole numbers. The problem, therefore, 

boils down to finding solutions in whole numbers that are as nearly proportional 

to the populations as possible. While this may seem easy at first, over two 

hundred years of U.S. history sl~ow that this is far from being the case. 

3. The 1791 contest between Jefferson and Hamilton 

To see why, let us consider the first apportionment bill, which was passed by 

Congress in 1791 and sent to President George Washington for his signature. 

State Apportionment Population Quota First Bill (Hamilton) 

Virginia 630,560 

Massachusetts 475,327 

Pennsylvania 432,879 

North Carolina 353,523 

New Y ork 331,589 

Maryland 278,514 

Connecticut 236,841 



South Carolina 

New Jersey 

New Hampshire 

Vermont 

Georgia 

Kentucky 

Rhode Island 

Delaware 

Total 

Table 1. First apportionment bill: Hamilton's method 

The proposed allocation of seats seems eminently reasonable: states with 

fractions larger than one-half are rounded up, while those with fractions smaller 

than one-half are rounded down. Of course, it is quite serendipitous that 

ordinary rounding would yield the required total number of seats, because 

typically there will either be too many or too few remainders that exceed one- 

half. A simple example is shown in Table 2. Since all remainders are less than .5, 

ordinary rounding will allot 20 seats instead of the required 21. 

State Population Quota Hamilton apportionment 

A 7,270,000 14.24 14 

B 1,230,000 2.41 3 

C I 2 220,000 4.35 4 

Total 10,720,000 21.00 21 

Table 2. A hypothetical example illustrating Hamilton's method 



One way to deal with this problem was first suggested by Alexander Hamilton, 

then Secretary of the Treasury. In a letter to George Washington he proposed 

giving out one extra seat to the states with the largest fractions until the required 

number of seats is apportioned, irrespective of whether the resulting cutoff point 

equals one-half. In the above example, Hamilton's approach rounds state B up to 

three seats (because its fraction is largest), and the other two states are rounded 

down. 

HAMILTON'S METHOD. f irst  give to each state the integer part of i ts  quota, but  not  less 

than one seat. l f a n y  seats remain to be apportioned, give one each to the states eoith the 

highest fractional remainders. 

Meanwhile, Jefferson (Secretary of State, and Hamilton's arch-rival in 

Washington's Cabinet) sent another letter to Washington recomlnending against 

this scheme and its "difficult and inobvious doctrine of fractions." He alleged 

that the Constitution had left fractions "ui~provided for" and they must therefore 

be neglected. Of course, virtually any real example will produce fractions, so it is 

not immediately obvious how to avoid representing them. Jefferson proposed 

the following ingenious device to deal with the situation: divide all the state 

populations by a common divisor and neglect the fractions; the divisor may then 

be adjusted so that this process yields the desired number of seats. 

Table 3 shows the 1791 populations divided by the number 28,500. When the 

fractions are dropped, the outcome is the apportionmei~t shown ill the right- 

hand column, which sums to 120 seats.1 

State Apportionment Population Quotient by 28,500 Jefferson 

1 Any divisor between 28,356 and 28,511 apportioi~s 120 seats by this method, and the 
apportionments are all the same. 



Virginia 

Massachusetts 

Pennsylvania 

North Carolina 

New York 

Maryland 

Connecticut 

South Carolina 

New Jersey 

New Hampshire 

Vermont 

Georgia 

Kentucky 

Rhode Island 

Delaware 

Total 

Table 3. Jefferson's method applied to the 1791 populations and 120 seats 

The alert reader will notice that there is a special dividend from this proposal: 

Jefferson's (and Washington's) home state of Virginia gains one seat-indeed, it 

receives 22 seats even thoubh its quota is only 20.986! 

JEFFEIISON'S METHOD. Choose a common divisor and divide i t  into each of the state 

populations to obtain quotients. Give each state the ellhole number i n  i ts  quotient, but  not 

less than one seat. I f  the total number of seats allotted by  this process is  too large, incrense 



the divisor; if the total is too small, decrease the divisor unti l  a value is found that 

apportions the correct number  of seats. 

Washington, after having "maturely considered" the input from various 

members of his cabinet, proceeded to veto the proposed apportionmel~t, the first- 

ever exercise of the Presidential veto power. His stated objections to the plan 

were first, that it did not employ a comsnon divisor (as proposed by Jefferson), 

and second, that it gave several states more than one representative per 30,000, 

, contrary to the language of the Constitution. The legislation was therefore 

reconsidered, and after further wrangling Congress passed a new apportionment 

bill based on Jefferson's method, but with a common divisor of 33,000. This 

resulted in a House of 105 seatswith 19 seats for Virginia even though its quota of 

105 seats was only 18.310. 

This early tussle between Jefferson and Hamilton has a slumber of features that 

bob up repeatedly in later apportionment debates. First, the bone of contention 

often involves the disposition of just one or two seats-- a seemingly innocuous 

matter, but often of great political significance. Second, the deeper issue is 

usually about gaining a pivotal advantage for some political party or section of 

the country. (In 1791, the looming power struggle between the South and the 

North was uppersnost in people's minds.) Third, t l~e  nature of the contest is often 

camouflaged beneath a debate over competing fairness principles that produce 

the desired political outcome as a byproduct. 

4. Tl~e 1830s debate: Adams and Webster 

All of these elements can be seen in the next major spat over apportionment, 

which broke out in the 1830s. In this instance, the deeper political issue was t l~e 



rapidly waning power of New England, and the corresponding rise of the West 

and South. In 1791, for example, Massachusetts l~ad  bee11 the second most 

populous state and New England had over 25 percent of the apportionment 

population. By the census of 1830, Massachusetts had slipped to eighth place and 

New England's share had dwindled to about 15 percent of the apportionment 

population. Meanwhile, the bias of Jefferson's method in favor of large states was 

becoming increasingly evident. Table 4 shows the apportionments to New York 

(by then the largest state) as compared to Delaware (ol~e of the sinallest) over the 

period 1791-1830. 

Year: 1791 1800 1810 1820 1830 Total 

New York's Quota 9.629 16.661 26.199 32.503 38.593 

New York's Allotment 10 17 27 34 40 

Table 4. Jefferson allotments to New York and Delaware, 1791 - 1830 

123.585 

128 

Delaware's Quota 1.613 1.782 1.952 1.685 1.517 

Delaware's Allotment 1 1 2 1 1 

Notice that in every one of these apportionments, Delaware had a quota greater 

than 1.5, yet i11 four out of the five cases it received only one seat. Meanwhile, 

New York received 34 seats when its quota was 32.40, and 40 when its quota was 

38.59. 

8.549 

6 

The reason for this bias toward large states (which Jefferson doubtlessIy 

recognized) is the following: by dropping the fractioi~al part of each quotient, a 

large state gives up only a small part of its entitlement, whereas a small state 

may give up a major part. For example, if one state's quotient is 40.5 and 



another's is 1.5, then dropping the fraction--as Jefferson's method requires-- 

results in a 1.2 percent loss for the large state but a 33 percent loss for the small 

one. In general, dropping the fractional part means that the per capita 

representation of a small state tends to be marked down by a larger percentage 

than the per capita representation of a large state. Hence, larger states are likely 

to be favored by Jefferson's method, and smaller states disfavored. 

Bias, and ways of avoiding it, is probably the single most important issue that 

has arisen in debates over apportionment; we shall return to it later. In the 

meanwhile let us return to the contentious history of apportionment in the 1830s 

and 1840s. Prompted by a steady loss of political power and the blatant bias of 

Jefferson's method toward large states, New Englanders led the charge for 

apportionment reform. John Quincy Adams, who at that time was serving as a 

Representative from Massachusetts, wrote to his colleague in the Senate, Daniel 

Webster, advocating a new apportionment method that would benefit New 

England. Adams's proposal was both simple and cunning: follow the general 

outlines of Jefferson's method, but instead of dropping the fractional parts of 

quotients, round all of them up. 

J. Q. ADAMS'S METHOD. Choose a common divisor and divide i t  into each of the state 

populations to obtain quotients. Give each state its quotient rounded u p  to the next  zohole 

number.  I f  the total number of seats allotted by this process is too Large, increase the 

divisor; if  the total is too small, decrease the divisor unti l  a value is found that apportions 

the correct number of seats. 

This proposal cleverly turns the tables on Jefferson by giving a marked 

advantage to the small states (now in ample supply in New England). Webster 

judged it more prudent, however, to propose a remedy that was less obviously 



self-serving. This led him to formulate a compromise between Jefferson's and 

Adams's approaches. 

WEBSTER'S METHOD. Choose a common divisor and divide i t  into each of the state 

populations to obtain quotients. Round each quotient to the nearest whole number, but  

not  less than one. If the total number of seats allotted b y  this process is  too large, increase 

the divisor; if the total is too small, decrease the divisor unti l  a value is found that 

apportions the correct number ofseats. 

This proposal alleviates the bias toward the larger states inherent in Jefferso11's 

method, but does not go too far by trying to shift the balance toward the other 

extreme. 

Webster did not prevail in the 1830's apportionment debate. Discontent with 

Jefferson's method continued to grow, however, and following the 1840 census it 

was displaced by Webster's method. Unfortunately, the victory was short-lived: 

in 1850, a supposedly new method was proposed by Representative Samuel F. 

Vinton, which in fact was nothing but a thinly-disguised version of Hamilto11's 

method. By a quirk of political fate, "Vinton's Method of 1850" was voted into 

law and remained on the books until the turn of the twentieth century. 

5. A fatal flaw in Hamilton's method: the Alabama paradox. 

During the latter part of the nineteenth century the number of members in both 

the House and Senate increased rapidly to accommodate new states and a 

growing population. From 1850 to 1900, the U.S. population rose more than 

three-fold and 22 states were added to the union. During this entire period 

Hamilton's method was the formula de jure, though not always de facto. Politics 



during the 1860s and 1870s were unusually fractious, and results were sometimes 

manipulated to satisfy the whims of various regional interests. In 1870, for 

example, the original apportionment was supplemented a few months later with 

a special hand-out of nine seats to certain Northern states. This had consequences 

beyond the skewing of representation in the House: in the 1876 Presidential 

election, Rutherford B. Hayes beat Samuel J. Tilden by a margin of one electoral 

vote. If Hamilton's (alias Vinton's) method had been used as prescribed, Tilden 

would have won instead.12 

The steady enlargement of the House during this period led to the discovery of a 

curious, and ultimately fatal, flaw in Hamilton's method. Following the 1880 

census, t l~e  chief clerk of the Census Office, C.W. Seaton, computed 

apportionments using Hamilton's method for all House sizes between 275 and 

350 seats. In a letter to Congress he stated that: "While making these calculations 

I met with the so-called 'Alabama' paradox where Alabama was allotted 8 

Representatives out of a total of 299, receiving but 7 when the total became 300. 

Such a result as this is to me conclusive proof that the process employed in 

obtaining it is defective. "* 

ALABAMA PARADOX. Ail apportionment method suffers from the Alabama paradox 

if there is a situation in which the total number of seats increases, all populations 

remain fixed, and a state's allotment decreases. 

This peculiar pl-tenomenon can be illustrated by the three-state example in Table 

2. If there are 22 seats to be apportioned instead of 21, then the quotas are as 

follows: 14.92 for state A, 2.52 for state B, and 4.56 for state C. Tl-terefore, the 

Hamilton apportionment is 15 for A, 2 for B, and 5 for C. Comparing this with 

t l~e Hamilton solution for 21 seats, we see that B has lost a seat in going to a 



larger House! The reason is that the quota of B increases less rapidly in absolute 

terms than the quotas of A and C. B's remainder was largest when 21 seats were 

to be distributed; it is the smallest when 22 seats are available. Hence, it does not 

get an extra seat even though there are more seats to go around. 

It is important to note that this paradox cannot occur under Webster's or 

Jefferson's methods, nor indeed under any method that employs a cornmon 

divisor. The reason is quite simple: if the number of seats is increased by one, 

then the common divisor must be decreased enough to push up the quotient of 

some state to qualify for one more seat. Since this lower common divisor is 

applied to all of the states simultaneously, none of them can lose a seat in this 

process. Therefore, any such method avoids the Alabama paradox. 

Congress was understandably disturbed by Seaton's findings, but no measures 

were taken to revise the apportionment statute for some years to come. Instead, 

the size of the House was enlarged after each census so that the effects of the 

Alabama paradox would not be felt. After the census of 1900, however, the 

difficulties with Hamilton's method became so acute that they could no longer be 

ignored. In 1901, for example, a report was submitted to the Congress giving 

Hamilton apportionments for all House sizes between 350 and 400. Maine kept 

bobbing up and down between tl~ree and four seats, as shown in Table 5. On 

being informed of this, Representative Littlefield of Maine vented his indignation 

against the chairman of the Select Committee on the Census: "In Maine comes 

and out Maine goes . . .God help the State of Maine when mathematics reach for 

her and undertake to strike her down." To which the chairman responded: "if 

Dame Rumor is to be credited, the seat of [Littlefield] is the one in danger . . . if 

the gentleman's statement be true that Maine is to be crippled by this loss, then I 

can see much force in the prayer he uttered here when he said "God help the 

State of Maine." 



House size 350-382 383-385 386 387-388 389-390 391-400 

Maine's allotment 3 4 3 4 3 4 

Table 5. Effect of Hamilton's method on Maine: 1900 

After this episode, Hamilton's method was effectively abandoned though the 

statute itself remained on the books for another decade. The House was enlarged 

to 386 members, a number with the property that no state lost a seat. In 1911, the 

apportionment statute was changed and once again. Webster's method became 

the law of the land but not for long. That same year an entirely new proposal 

surfaced that has evolved into the method used today. 

6. The method of Joseph Hill. 

In 1911, Joseph A. Hill, chief statistician in the Census Bureau, wrote a letter to 

the chairman of the House Committee on the Census describing an entirely new 

approach to the apportionment question. Hill began with the proposition that the 

per capita representation in each of the states should be made as nearly uniform 

as possible. Here, "per capita representation" means the number of a state's 

representatives divided by the number of its inhabitants (al/pl). The question is: 

What does it mean for these numbers to be "as nearly uniform as possible"? 

Consider, for example, the Webster solution to the problem in Table 2. State A 

receives 15 seats and state B receives 2 seats. Thus, the per capita representation 

in A is 2.063 per million and in B it is 1.626 per million. Clearly, state B is less 

represented than A, and the absolute difference in representation is .437 per 

million. Now suppose that we take away one of A's seats and give it to B. B's per 
























